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Motivation and results

The task of inferring the open dynamics of a system that interacts with a, possibly unknown,
environment has gained attraction when building and mitigating errors in current quantum
computers. In this work, we propose a method to estimate the time-dependent Lindbladian that
evolves a system of interest combining different techniques from Machine Learning. As a feature,
the technique can be used to estimate non-Markovian dynamics. We present a case study using
synthetic data to learn non-trivial non-Markovian dynamics.

Time dependent Lindblad tomography

We consider the family of CPTP maps that evolves a system of dimension d, {Λti,t0} generated
by the so-called canonical Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) time-local master
equation[1]:
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The complete positivity of the maps Λt,t0 = T e
∫ t

t0
dsL(s) is determined by the sign of the decay

rates {γi(t)}. Positive decay rates are guaranteed to generate CPTP and CP-divisible maps
(Markovian). Non-CP divisible maps (non-Markovian) are characterized by one or more decay
rates becoming negative for some t.

We choose at least d2 states {ρi}, and a set of measurement bases j defined by the POVM
operators {Πj

o} such that the joint set is informationally complete in the Quantum Process
Tomography (QPT) sense.

Given a set of evolution times {tk}. For each combination of initial state i, measurement basis j
and time k, one prepares the initial state, let the system be affected by the noise for the given time,
and measure in the corresponding basis. The complete data is given by the observed frequencies
pijo(tk).

Proposed algorithm

The time-ordered integral requires a continuous modelling of L(t) to predict the observed
probabilities, given by the Born rule,

p̂ijo(tk) = Tr

[
Π
j
oT e

∫ tk
t0

dsL̂(s)
[ρi]

]
.

We propose a model compound of three neural networks that map t → {γ̂i(t)}, {L̂i}, {Ĥ(t)},
allowing to reconstruct L(t) for i : 1, . . . , k ≤ d2 − 1 where k is a maximum of active independent
decay channels one expects to be active.

For the given configuration of the input data {ρi, {Πj
o}, tk} of each iteration, the GKSL master

equation is solved using a differentiable ode solver with Λ(t0) = Id for the corresponding times
tk.

At each internal step of the ode solver tm, the rhs of the master equation is constructed by
interrogating the networks to produce L(tm), obtaining a final set of {Λ̃tk,t0}

CP projection There is no restriction on the positivity of the decay rates to allow learning non
CP-divisible maps. Yet, negative decay rates can yield non CP maps. Training will make the
network produce non-CP maps that best explain the data.

To encourage learning CP dynamics, we project the predicted maps to the closest CP ones,
yielding {Λ̂tk,t0}. These CP maps are used to compute the predicted probabilities p̂ijo(tk). This
translates in two loss terms, corresponding to the mean squared error between the predicted and
observed probabilities; and the mean Hilbert-Schmidt distance between {Λ̃tk,t0}, and {Λ̂tk,t0}.

Mitigating spectral bias Vanilla Multilayer Perceptrons (MLPs) struggle to learn functions with
high frequency contents in a finite number of training epochs (Frequency bias). Low frequencies
components are learned first, and only for very long training times higher frequencies are learned.
To mitigate this phenomenon, and learn any type of decay rates evolution, we consider an
architecture inspired in neural ordinary differential equations (NODES).

We define a latent vector h(t) for each decay rate that evolves according to the ode: h′ =
fθ(t, h(t)), where fθ is a MLP. Each latent vector is evolved alongside the maps inside the ode
solver. We use a trainable linear layer that maps h(t) 7→ γ(t).

To allow learning high frequencies, we enocde the input time using Random Fourier Features.
While this encoding tends to overfit and produce highly wiggling outputs, the integration of h(t)
acts as a natural low pass filter, producing smooth predictions.

Sobolev training Backpropagation through the ode solver results in the network struggling to
learn the initial dynamics. Sobolev training helps mitigating this problem, where the network has
information about the evolution of the predicted probabilities. The prediction of the derivatives
are p̂′ijo = Tr

[
Π
j
oL̂(t)Λ̂t,t0[ρi]

]
. We estimate the derivatives of the observed data using Gaussian

Processes. We consider another loss term with the mean squared error between the “observed”
and predicted time derivatives of the probabilities.

Loss function The parameters of the network are updated via backpropagation with the
following loss function L = Lp̂ + LCP + αp′Lp′

Case study of Non-Markovian dynamics

We consider the two-qubits system studied in Ref. [2], where two impurity atoms each occupying
a double-well potential with an optical supperlatice are influeced by a common environment. The
decay channels are given by γ+(t) with L+ = Z ⊗ I + I ⊗ Z, and γ−(t), with L− = Z ⊗ I − I ⊗ Z

The two decay rates depict a quick decay and become negative, yielding non-Markovian
dynamics. We plot the results using synthetic data where we let the algorithm learn a maximum
number of 5 decay channels. We consider three scenarios to compare the influence of including
the time derivatives of the probabilities in the loss function, controlled by the scalar αp′.
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