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1. Poster Summary
Optimising feedback control involves engineering certain feedback protocols that produce system states with high fidelity relative to a desired target state. We first
introduce the physics of continuous measurement which is fundamental for quantum feedback systems. Next we focus on the Quantum Fokker-Planck master equation
that governs the unconditional evolution of these particular systems. Finally, we focus on a qubit coupled to thermal bath system and explore the possible feedback
protocols, the systems steady state in certain parameter space and specific quantum trajectories that arise.

2. Continuous Measurement1
Projective measurement Vs Continuous measurement
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Figure 1: Populations against time for isolated driven qubit un-

der homodyne detection, simulated using the Stochastic master

equation with H = σx, A = σz, λ = 1, γ = 2, η = 1.
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Figure 2: Corresponding measurement record from figure 1 com-

paring the expectation value of the measured observable against

the filtered measurement record D(t).

Belavkin Equation or Stochastic Master Equation
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{Â− ⟨Â⟩, ρ̂c(t)}

z(t) =
√
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3. Quantum Fokker Planck Master Equation2

∂ρ̂t(D)

∂t
= L(D)ρ̂t(D)+λD[Â]ρ̂t(D)−γ∂D
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Equation characteristics:

• Produces unconditional dynamics of the
feedback system (equivalent of average
dynamics from large number of Belavkin
simulations)

• Tr [ρ̂t(D)] = P (D)

• Equation consists of; feedback controlled
system evolution; measurement back-action;
and the detector time evolution

• Allows for non-linear feedback protocol

system alone, generalizing the Wiseman-Milburn equation
to nonlinear feedback protocols. The broad scope of Eq. (1)
suggests that our results will impact a wide variety of topics
where nonlinear, continuous feedback control can be
applied, such as quantum error correction [1], entanglement
generation [2], quantum state stabilization [6], Maxwell’s
demon [74,75], and machine learning [76].

To illustrate our formalism, we investigate two toy
models, a classical and a quantum two-level system,
operated via nonlinear feedback protocols. For the classical
model, we also derive a fluctuation theorem, highlighting
the role of continuous measurement and feedback in
information thermodynamics.

Fokker-Planck master equation.—A general setup for
continuous measurement and feedback is depicted in Fig. 1.
We consider an open quantum system whose dynamics, in
the absence of measurement and feedback, are described by
a Liouville superoperator L. A detector continuously
measures a system observable Â. The measurement
strength λ determines the magnitude of the measurement
backaction, the limit λ → 0 (λ → ∞) corresponds to a
weak, nonintrusive (strong, projective) measurement pre-
serving (destroying) the quantum coherence of the system.
Weak measurements thus reduce backaction, but increase
measurement uncertainty. To provide a realistic detector
description, we consider a finite bandwidth γ, acting as a
low-pass frequency filter, eliminating high frequency
measurement noise at the cost of introducing a time delay
scaling as 1=γ. Feedback control is incorporated by con-
tinuously feeding back the measurement outcome D into
the system, controlling the system Liouville superoperator
via LðDÞ.

Our main result is the following deterministic Fokker-
Planck master equation (derivation outlined below),

∂tρ̂tðDÞ ¼ LðDÞρ̂tðDÞ þ λD½Âρ̂tðDÞ

− γ∂DAðDÞρ̂tðDÞ þ γ2

8λ
∂
2
Dρ̂tðDÞ; ð1Þ

describing the joint system-detector dynamics under con-
tinuous measurement and feedback control. The density
operator ρ̂tðDÞ represents the joint state of system and
detector, where ρ̂t ≡

R
dD ρ̂tðDÞ is the system state for

an unknown measurement outcome D, and PtðDÞ≡
trfρ̂tðDÞg defines the probability distribution of the meas-
urement outcome D. Note that

R
dDPtðDÞ ¼ 1 and

trfρ̂tg ¼ 1; see Supplemental Material (SM) [77]. The first
term on the rhs of Eq. (1) describes the feedback-controlled
evolution of the system. This term allows for feedback
protocols that are nonlinear in D. The second term, where
D½Âρ̂ ¼ Â ρ̂ Â− 1

2
fÂ2; ρ̂g (note Â† ¼ Â), describes how

the system is dephased in the eigenbasis of Â at a rate
proportional to λ due to measurement backaction. The last
two terms constitute a Fokker-Planck equation describing
the detector time evolution. These terms define an
Ornstein-Uhlenbeck process [87] with a system dependent
superoperator drift coefficient AðDÞρ̂≡ 1

2
fÂ −D; ρ̂g and

diffusion constant γ=8λ. This describes a noisy relaxation
of the measurement outcome toward a value determined by
the system state. The derivation of Eq. (1) is rather
involved; see details in SM [77]. The main text instead
aims to highlight its implications and applications.
However, we sketch the derivation at the end of the Letter.

Equation (1) is, like most formalisms for continuous
measurement and feedback, typically restricted to numeri-
cal solutions. However, when there exists a wide separation
between the system and detector timescales, Eq. (1) sim-
plifies to a Markovian master equation for the system state
ρ̂t, allowing for analytical treatment. The detector timescale
1=γ appears in the last two terms in Eq. (1), and the system
timescale 1=Γ is determined by LðDÞ þ λD½Â. The role of
λ, the measurement strength, is subtle; see below. When
γ ≫ Γ, ρ̂t evolves, to first order in 1=γ, according to

∂tρ̂t ¼ ½L0 þ λD½Âþ γ−1Lcorrρ̂t; ð2Þ

with zeroth order Liouville superoperator L0 and
first order correction Lcorr. L0 is obtained by appro-
ximating the system-detector density operator as
ρ̂tðDÞ ¼ ½Paa0 πaa0 ðDÞVaa0 ρ̂t, with

πaa0 ðDÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
4λ=πγ

p
e−ð4λ=γÞ½D−ðξaþξa0 Þ=22 ; ð3Þ

and superoperators Vaa0 ρ̂≡ hajρ̂ja0ijaiha0j, where we used
the eigenvalues and eigenvectors of the measured operator
Â ¼ P

a ξajaihaj. In this approximation, the detector is

FIG. 1. Illustration of a generic measurement and feedback
setup, consisting of an open quantum system and a detector
with finite bandwidth γ. The detector continuously measures an
arbitrary system observable. The measurement strength λ
determines measurement backaction. Continuous feedback is
applied using the measurement outcome D to control the
Liouville superoperator LðDÞ of the system. The time traces
visualize trajectories for the system state SðtÞ and the measure-
ment record DðtÞ.
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Figure 3: Illustration of a generic measurement and

feedback setup with measurement strength λ, detector

of bandwidth γ, feedback controlled system L(D) and

feedback D(t). Image: [2]

Measurement efficiency η:
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Figure 4: Measurement outcomes P(D) solving the QFP mas-

ter equation (solid blue line) and collating 5000 stochastic trajec-

tories (orange histograms) for isolated driven qubit system with

H = σx, A = σz, λ = 0.5, γ = 2, η = 0.5.
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Figure 5: Ground state probability P0 against feedback

strenght g for different measurement efficiencies, for a qubit

coupled to a thermal bath under the conditions A = σx, κ =

0.01, nB = 0.5, γ = 4, λ = 0.5.

4. Non-driven qubit coupled to a thermal resevoir3,4
The following numerical results given in this section are derived from the following open feedback system: A qubit weakly coupled to a large thermal reservoir, with
the goal of maintaining the qubit in its ground state through feedback control through the continuous measurement of σx. The Liouvillian superoperator describing the
system is L0 ρ̂t(D) = κ(nB)D[σ+]ρ̂t(D) + κ(nB + 1)D[σ−]ρ̂t(D), where the feedback Liouvillian is Lfb ρ̂t(D) = −i[gσy, ρ̂t(D)]
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Figure 6: The relationship between λ and γ and their

corresponding ground state probability for steady state

solutions for g = 1, κ = 0.01, nB = 0.5, A = σx.

Figure 7: A quantum trajectory mapped

to the bloch sphere for linear feedback con-

trol with g = 1, κ = 0.01, nB = 0.5, λ =

0.5, γ = 1, A = σx.
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Figure 8: A comparison between the feedback controlled evolution [time-evolution

(blue,orange) and steady steady (dotted red, dotted green) simulated separately]

for different measurement efficiency values, the Lindblad evolution (green), and the

Liouvillian-gap timescale (τ) for parameters g = 1, κ = 0.01, nB = 0, A = σx, λ =

0.5, γ = 4, .
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Figure 8: P0 plotted against measurement efficiency for different order polynomial

feedback protocols for g = 1, κ = 0.01, nB = 0.5, A = σx, λ = 0.5, γ = 4,

Goal for optimisation
→ Implement non-linear feedback protocol
→ Implement optimisation techniques such as
gradient descent: a⃗n+1 = a⃗n−α∇a⃗

(
1−F (⃗a)

)
to

achieve higher fidelity
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