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Open quantum systems & Markovian approx.
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Open quantum systems & Markovian approx.

@ Want pg(t) = Trg(p(t)). - @ Time local EOM:

i _ [aac]’
@ Standard OQS derivation: pPt+A) = [e ]jpl(t)
» H=Hs+>, Xsgk (B,T( + Bk) +wikblbk @ Why non-Markovian/non time-local?
» Weak coupling (Born approx.)
» Smooth DoS, J(v) = 3, g% (v — wj)
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Open quantum systems & Markovian approx.

@ Want pg(t) = Trg(p(t)). - @ Time local EOM:

i _[aac]
@ Standard OQS derivation: pt+A)= [e ]jpl(t)
» H=Hs+>, Xsgk (B,T( + Bk) +wikblbk @ Why non-Markovian/non time-local?
» Weak coupling (Born approx.) » Strong coupling to bath

» Smooth DoS, J(v) = 3, g% (v — wj)
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Open quantum systems & Markovian approx.

@ Want pg(t) = Trg(p(t)). - @ Time local EOM:
]
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@ Standard OQS derivation: pt+A)= [e ]j ()

» H=Hs+>, Xsgk (B,T( + Bk) +wikblbk @ Why non-Markovian/non time-local?

» Weak coupling (Born approx.) » Strong coupling to bath

» Smooth DoS, J(v) = 3, g% (v — wj) » Strong energy shifts
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Open quantum systems & Markovian approx.

@ Want pg(t) = Trg(p(t)). - @ Time local EOM:
]

i _ [aac]
@ Standard OQS derivation: pt+A)= [e ]j ()
» H=Hs+>, Xsgk (B,T( + Bk) +wikblbk @ Why non-Markovian/non time-local?
» Weak coupling (Born approx.) » Strong coupling to bath
» Smooth DoS, J(v) = 3, g% (v — wj) » Strong energy shifts

» Structured baths

* Vibrational resonances
* Spatial structure
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Open quantum systems & Markovian approx.

@ Want pg(t) = Tra(p(t)). - @ Time local EOM:

i _ [aac]
@ Standard OQS derivation: pt+D) = [e ]jpl(t)
» H=Hs+>, Xsgk (B,T( + Bk) +wikblbk @ Why non-Markovian/non time-local?
» Weak coupling (Born approx.) » Strong coupling to bath
» Smooth DoS, J(v) = 3, g% (v — wj) » Strong energy shifts

» Structured baths

* Vibrational resonances
* Spatial structure

» Information return from bath
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Open quantum systems & Markovian approx.

@ Want pg(t) = Tra(p(t)). - @ Time local EOM:

i _ [aac]
@ Standard OQS derivation: pt+D) = [e ]jpl(t)
» H=Hs+>, Xsgk (B,T( + Bk) +wikblbk @ Why non-Markovian/non time-local?
» Weak coupling (Born approx.) » Strong coupling to bath
» Smooth DoS, J(v) = 3, g% (v — wj) » Strong energy shifts

» Structured baths
* Vibrational resonances
* Spatial structure
» Information return from bath
» Unknown system
eigenstates—complex systems
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0 Non-Markovian problems & Many-body physics
@ Non-Markovian methods

© Background: QUAPI & Tensor networks
@ Path integral approach
@ Tensor networks & Matrix product states
@ The TEMPO algorithm

e Re-interpretation: Process tensors

@ PT-MPO representation

@ Beyond Gaussian environments
e Applications

@ Optimisation

@ Lattice models

@ Polariton condensation

@ Two-dimensional spectroscopy

6 Future outlook
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non-Markovian master equations: HOW: see [de Vega & Alonso, RMP *17]
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@ Exactly soluble problems ...

> e.g. Bosonic: H = WMV, + > & k(v + ¥ )(bf + bk) + Heatn,
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> Independent Boson model, H = a,(A + 3 &(b) + bx)) + Hoan
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> e.g. Bosonic: H = WMV, + > & k(v + ¥ )(bf + bk) + Heatn,
ik
> Independent Boson model, H = a,(A + 3 &(b) + bx)) + Hoan

@ Polaron master equation _
H e_VHeV, V= ng (b — Xsys » Renormalize system parameters

» Perturbative remaining coupling
[Jang, J. Chem. Phys 09, McCutcheon et al. PRB '11, Roy and Hughes PRB ’12]
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non-Markovian master equations: How: see [de Vega & Alonso, RMP '17]

@ Exactly soluble problems ...
> e.g. Bosonic: H = WMV, + > & k(v + ¥ )(bf + bk) + Heatn,
ik
> Independent Boson model, H = o,(A+ 3, &(b) + b)) + Hoarn

@ Polaron master equation

H e_VHeV, V= ng (b — Xsys » Renormalize system parameters

» Perturbative remaining coupling
[Jang, J. Chem. Phys 09, McCutcheon et al. PRB '11, Roy and Hughes PRB ’12]

@ Re-sum perturbation theory: | [Chen et al. J. Chem. Phys. ’17]

— e =) +@
40 4@
+(5) + 6)
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non-Markovian methods: augmentation
@ Exponential bath correlations, Hierarchical EOM [Tanimura & Kubo, JPSJ '89]
Bath — sum of Lorenzians modes. nj describes interaction with mode k.

ﬁn,m = ES,On,m + Z Dn,m,n’.m/Pn/,m’

n/‘m/
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Bath — sum of Lorenzians modes. nj describes interaction with mode k.

pnm = Lspnm + Z Dnm,n’,m’ P’ m’

n’,m’
@ Hierarchy of Pure States [Suess, Eisfeld & Strunz, PRL ’14; J. Stat. Phys. '15]
Stochastic unravelling pn m — >, |wh) (VL]
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@ Increase system — include resonant modes

>
System

[Garraway PRA °97, lles-Smith et al. PRA '14,
Schréder et al. '17]
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Bath — sum of Lorenzians modes. nj describes interaction with mode k.
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Stochastic unravelling pn m — >, |wh) (VL]

@ Increase system — include resonant modes

>
System

[Garraway PRA °97, lles-Smith et al. PRA '14,
Schréder et al. '17]

. . o () )
> Include bath — chain mapping o T ) ,
[Chin et al. PRL ’10; Nat. Phys. '13; Woods et QPo— @@ — @@
al. , J. Math. Phys. '14] o [ J 3
® ° ®
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non-Markovian methods: augmentation
@ Exponential bath correlations, Hierarchical EOM [Tanimura & Kubo, JPSJ '89]
Bath — sum of Lorenzians modes. nj describes interaction with mode k.

ﬁn,m = ES,On,m + Z Dn,m7n’.m/,0n/,m’
n’.m’
@ Hierarchy of Pure States [Suess, Eisfeld & Strunz, PRL ’14; J. Stat. Phys. '15]
Stochastic unravelling pn m — >, |wh) (VL]

@ Increase system — include resonant modes

>
System

[Garraway PRA °97, lles-Smith et al. PRA '14,
Schréder et al. '17]

. . L4 e ®
> Include bath — chain mapping ) . @
[Chin et al. PRL '10; Nat. Phys. '13; Woods et @ o—>@ 8 —@@umGung
al., J. Math. Phys. '14] ° °

° o ®
@ Augment state space/history: QUAPI [Makri and Makarov, J. Chem Phys '95]
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9 Background: QUAPI & Tensor networks
@ Path integral approach
@ Tensor networks & Matrix product states
@ The TEMPO algorithm
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QUAPI

@ System + Harmonic bath

H = Hs+>_ gkXs(by+b})+wicbl by
k

[Marki & Makarov J. Chem. Phys. '95]
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QUAPI

@ System + Harmonic bath

H = Hs+>_ gkXs(by+b})+wicbl by
k

@ Write p(t) as path sum/integral
» Discrete sum for system

1= [/l
)
» Path integral for bath
1= / ax|x) (x|
» Discretize times, ty = NA

[Marki & Makarov J. Chem. Phys. '95]
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QUAPI

@ System + Harmonic bath

H = Hs+>_ gkXs(by+b})+wicbl by
k

@ Write p(t) as path sum/integral
» Discrete sum for system

1= [/l
)
» Path integral for bath
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Jonathan Keeling Modelling realistic OQS with process tensors Lisbon, April 2026 7



QUAPI

@ System + Harmonic bath @ Path sum (doubled indices)bj = (Jf»Jb):

b
o- 5> > EEEL
f
N n-—1

H=Hs+> giXs(btb)twrblb, — mi(tn) = Y (H 11 lk(jnajn—k)) pj(tr)-
k

j1“-jN71 n=1k=0

@ Write p(t) as path sum/integral
» Discrete sum for system

1=> )l
)
» Path integral for bath
1= / ax|x) (x|
» Discretize times, ty = NA

@ Integrate out bath.
[Marki & Makarov J. Chem. Phys. '95]
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QUAPI

@ System + Harmonic bath @ Path sum (doubled indices) j = (jt, jb):

b b
< e~ >>
- :;/_

N n—1
H = Hs+Y  giXs(by+b})+wibby ERY (H T kG ) pji ().
P

Jredn—1 \n=1k=0

@ Write p(t) as path sum/integral @ Influence functionals:
» Discrete sum for system

N ek U:f") k #1
1= N

; |j><j| lk(f?/ ) - {e¢1(j’jl) [eA£0] ) k=1
» Path integral for bath g

1= / ax|x) (x|
» Discretize times, ty = NA

@ Integrate out bath.
[Marki & Makarov J. Chem. Phys. '95]
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QUAPI

@ System + Harmonic bath @ Path sum (doubled indices) j = (jt, jb):

b b
- ‘ - = >>
>

N n—1
H = Hs+Y  giXs(by+b})+wibby ERY (H T kG ) pji ().
P

Jt-dn—1 \n=1k=0
@ Write p(t) as path sum/integral @ Influence functionals:
» Discrete sum for system seli) k£ 1
1= 1) e
2 KUY = g oher] 1
» Path integral for bath g
1= /dx|x)<x| » System propagator: £ )
» Discretize times, ty = NA > 9x(j,J') depends on X; = (jr| Xsj») and
w ..
e Integrate out bath. C(t) = /de(w) [coth (ﬁ) cos(wt) — lsm(wt)]

[Marki & Makarov J. Chem. Phys. '95]
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QUAPI as tensor propagation

@ Evaluating path sum:

N n—1
ij(tN) = Z <H H lkUnajn—k)) pj1(t1)

JteedN—1 n=1 k=0
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QUAPI as tensor propagation

@ Evaluating path sum:

ij(tN Z <

J1e-in—1

—1

]

N
11
n=1 k=0

IxUjn, jn—k )Pj1(t1)-

@ Write as tensor propagation:
ij(tN Z AINAIN=1 -1

J1e-iN—1
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QUAPI as tensor propagation

@ Evaluating path sum:

n—1
piv(tn) = > (H 11 /kUnajn—k)> pji (t1)-
Jt--dn—1 \n=1k=0

@ Write as tensor propagation:

ij(tN Z AjN?jN 1s-- 7,[1
Jedn—

@ Products — Growth.
Azt — gl AH7 Alssizidt — B Al Alaslsledt — Gl plsilos
h

I2, 14 ’ 13,12,

n—1 n—1
! ?j —1"“aj _ ] . .
B" /':—1,~~~J11 - (H 5/: ,l:> H I Uns Jn—k)-
k=0

k=1
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QUAPI as tensor propagation

@ Evaluating path sum:

n—1
piv(tn) = > (H 11 /kUnajn—k)> pji (t1)-
Jt--dn—1 \n=1k=0

@ Write as tensor propagation:

ij(tN Z AjN?jN 1s-- 7,[1
Jedn—

@ Products — Growth. Problem: ni" Tensor size ~ d?”
Azt — gl AH7 Alssizidt — B Al Alaslsledt — Gl plsilos
h

I2, 14 ’ 13,12,

n—1 n—1
! ?j —1"“aj _ ] . .
B" /':—1,~~~J11 - (H 5/: ,l:> H I Uns Jn—k)-
k=0

k=1
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Penrose tensor network notation & contraction

k
vector Uk
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Penrose tensor network notation & contraction
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vector Uk

. ; J
matrix Aij -
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Penrose tensor network notation & contraction

k
vector Vg
. ; j
matrix Aij -
l
4-rank tensor Tt mn,p T =
n, p
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Penrose tensor network notation & contraction

k
vector Vg
. ; j
matrix Aij -
l
4-rank tensor Tt mn,p T =
n, p

Ai .j Vk
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Penrose tensor network notation & contraction

k
vector Vg
. ; j
matrix Aij -
l
4-rank tensor Tt mn,p T =
n, p

@DC
> Aik v
k
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Penrose tensor network notation & contraction

k
vector Vg
matrix Aij - -
l
4-rank tensor Tt mn,p T
n, \\P

—‘ A v = w
> Ak v = w;
K
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Penrose tensor network notation & contraction

k
vector Vg
matrix Aij - -
l
4-rank tensor Tt mn,p T
n, \\P
1 1
A = w
v
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Penrose tensor network notation & contraction

k
vector Vg
matrix Aij - -
l
4-rank tensor Tt mn,p T
n, \\P
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Penrose tensor network notation & contraction

k
vector Uk
. : j
matrix Ai -
l
4-rank tensor  Timnp T =
n, \\P

6

)~
-
Z Ruij Xigk Yk Dim Zm~

ijklm
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Penrose tensor network notation & contraction

k
vector Vg
matrix Aij - -
l
4-rank tensor Tt mn,p TH=
n, \\P

B B
é k Y l @ m 2 = Y
-y

Z Raij Xin Y‘ijl Dlm me = Taﬁ'y

ijklm
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Singular value decomposition & compression

-
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Singular value decomposition & compression

—Mp = U @ v
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Singular value decomposition & compression
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Singular value decomposition & compression

Q

)} 0 S i
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~—
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Singular value decomposition & compression

Q

— M} Us vt

Q
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Singular value decomposition & compression

— M} Us Vi

Q

Q

@ Fixed bond dimension: Keep Ay ...\,
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Singular value decomposition & compression

— M} Us Vi

Q

Q

@ Fixed bond dimension: Keep Ay ...\,
@ Fixed precision: Keep \p > €rel\

Jonathan Keeling Modelling realistic OQS with process tensors Lisbon, April 2026 10



Matrix product states
Y= > Cipiy it iN) e.g. Cor101 = (01101[y)

it,hp,...in€{0,1}

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)



Matrix product states
[Y) = Z Ciyin,.iy |t i25 .y iN) eg. G101 = (01101)y)

it 7i27"~iN€{0’1}

i1| z'2| i3 z'4| i5|

C

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)



Matrix product states
[Y) = Z Cii gy 11151255 IN) eg. G101 = (01101)y)

it 7i27"~iN€{0’1}

11| d2| i3] ia) is e B
=
M

C
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Matrix product states
[Y) = Z Ciyin,.iy |t i25 .y iN) eg. G101 = (01101)y)
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=

C Uy vt
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Matrix product states
[Y) = Z Cii gy 11151255 IN) eg. G101 = (01101)y)

it 7i27"~iN€{0’1}

| i2| ds| ia] is | d2| i da] is
=
)

C AL A®R)

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)



Matrix product states
[Y) = Z Ciyip,.oiy 1115 125 -y IN) eg. G101 = (01101)y)

it 7i27"~iN€{071}

1| 2] 3] 4] s 1| 2 3| 4] 75 i1 72 13 14 5
—N —N
)

C AL AR) Ayt A et At Ay =t As

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)
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Matrix product states
[Y) = Z Ciyip,.oiy 1115 125 -y IN) eg. G101 = (01101)y)

it 7i27"~iN€{071}

ir| iz| is| ia| is ir| d2|  ds| dal is | i ds|  da| s
= =
C A(L) A(R) A1 A2 A3 A4 A5
Full state: 2V numbers MPS, 2Nx? numbers

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)
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Matrix product states
[Y) = Z Ciyip,.oiy 1115 125 -y IN) eg. G101 = (01101)y)

it 7i27"~iN€{071}

ir| iz| is| ia| is ir| d2|  ds| dal is | i ds|  da| s
= =
C A(L) A(R) Al A2 A3 A4 A5
Full state: 2V numbers MPS, 2Nx? numbers

Applies to: Wavefunctions, density matrices, probabilities . . ..
Also known as “tensor trains”

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)
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From Hilbert space to Liouville space

Uly)
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From Hilbert space to Liouville space

Uy (y|U*

) S

=
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From Hilbert space to Liouville space

Uy (y|U* UpU*

=
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From Hilbert space to Liouville space

=
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From Hilbert space to Liouville space

-

= 0/
‘ ‘ P

g
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From Hilbert space to Liouville space

Hilbert space

Uy (y|U*

UpU'

G

Op0t X Kkl
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From Hilbert space to Liouville space

Hilbert space

Liouville space

Ulp) (Ut UpU? UpUt Yo KapK

H
2 (.,
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From Hilbert space to Liouville space

Hilbert space

Liouville space

tr (U|¢><¢|UT) tr (Upfﬂ) tr (UpUT> tr (Za f(apf(l)

ol
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QUAPI as tensor network
@ Sofar...: ij(tN) = Z Aj’\”j’\’_1""’j1 Pj, (t1), A—-B-A

J1e-dn—1

[Strathearn et al. Nat. Commun. 18]
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QUAPI as tensor network

@ Sofar...: py(tn)= > AWN-thp(h),  A-B-A
Jr-dn=1
n-2 )
@ Bis tensor network: B’"’/" P ”‘ = [bo}, <H[bk]z:’+1,]i"n_kk> [bp_1]"" ""
k=1

[Strathearn et al. Nat. Commun. 18]
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QUAPI as tensor network
@ Sofar...:  pj(tn) = Z AININ- 151

J1e-dn—1

@ Bis tensor network: B’"”" P ”‘ = [bo}, <

Grow —»

Input state

[Strathearn et al. Nat. Commun. 18]

pj, (1),

n—2

11 1bx]

k=1

A—-B-A

ks Jn—k an_ 17l1
k41 Jn—k) [bn—1]
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QUAPI as tensor network
@ Sofar...: py(tn)= > AWN-thp(h),  A-B-A

J1e-dn—1

n-2 )
e Bis tensor network: Bt — [po}n <H[bk]°“" ’."—k> [bn_1]*" "4,

Qk415In—k
k=1

@ Finite memory approx — neglect correlations K steps ago

Grow ——>»

Input state

[Strathearn et al. Nat. Commun. 18]
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QUAPI as tensor network
@ Sofar...: py(tn)= > AWN-thp(h),  A-B-A

J1e-dn—1

n-2 )
e Bis tensor network: Bt — [po}n <H[bk]a“’ ’."—k> [bn_1]*" "4,

Qk415In—k
k=1

@ Finite memory approx — neglect correlations K steps ago

2
§
@
K
o

Grow ——>»

Input state

[Strathearn et al. Nat. Commun. 18]
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QUAPI as tensor network
@ Sofar...:  pj(ty) = Z Adv=thp (), A —B-A

e IN—1

@ Bis tensor network: B’"”" P ”‘ = [bo}, <H[bk]a“’ j."—k> [bp—1]"" " ""

Qk+15In—k

@ Finite memory approx — neglect correlations K steps ago

@
S
K
T o @

E55]

""

Grow ——>»

t=kA
Input state
[Strathearn et al. Nat. Commun. 18]
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QUAPI as tensor network
@ Sofar...: py(tn)= > AWN-thp(h),  A-B-A

J1e-dn—1

n-2
@ Bis tensor network: B’”’/" e ”‘ = [bo}, <H[bk]Z:;1,]i"n__kk> [bn_1]" 17/1’
=1

@ Finite memory approx — neglect correlations K steps ago

@
S
K
T o )

[EEs=3

t=(k+1)A

Grow ——>»

Input state

[Strathearn et al. Nat. Commun. 18]
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0 Re-interpretation: Process tensors
@ PT-MPO representation
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Process tensors

time

C
Sys.  Enw.

@ Gate-based picture of evolution

[Chiribella et al. PRL '08, PRA *09; Pollock et al. PRA 18, PRL '18]
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Process tensors

time

C D)

Sys.  Enw.

@ Gate-based picture of evolution
@ Separate out environment—response to sequence of operations

[Chiribella et al. PRL '08, PRA *09; Pollock et al. PRA 18, PRL '18]
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Process tensors

time

C D)

Sys.  Enw.

@ Gate-based picture of evolution
@ Separate out environment—response to sequence of operations

[Chiribella et al. PRL '08, PRA *09; Pollock et al. PRA 18, PRL '18]
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Process tensors

time

C D)

Sys.  Enw.

@ Gate-based picture of evolution
@ Separate out environment—response to sequence of operations
@ Process tensor MPO

[Chiribella et al. PRL '08, PRA *09; Pollock et al. PRA '18, PRL 18]
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Process tensors

time

C D)

Sys.  Enw.

Q

@ Gate-based picture of evolution
@ Separate out environment—response to sequence of operations

@ Process tensor MPO (MPS)

[Chiribella et al. PRL '08, PRA *09; Pollock et al. PRA 18, PRL '18]
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Modelling realistic OQS with process tensors

*‘-G‘ = Sa,a',a"

Lisbon, April 2026



Re-interpretting TEMPO network — process tensors MPO

@ Can separate bath/system terms
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Re-interpretting TEMPO network — process tensors MPO

Process
Tensor

@ Can separate bath/system terms
@ Process tensor [Jargensen & Pollock PRL '19]
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Tensor
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Re-interpretting TEMPO network — process tensors MPO

@ Can separate bath/system terms
@ Process tensor [Jargensen & Pollock PRL '19]
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© Re-interpretation: Process tensors

@ Beyond Gaussian environments
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Automatic compression of environments
@ Process tensor exists for any bath

ty t t t to

[Cygorek et al. Nat. Phys. '22]
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Automatic compression of environments

@ Process tensor exists for any bath
@ Explicit expression for PT exists
» Sum over environment state space

ty s t t to

A

ty ts to t to

[Cygorek et al. Nat. Phys. '22]
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Automatic compression of environments

-t ' - : : » Compress to d; via SVD

A

ts ta t t to

[Cygorek et al. Nat. Phys. '22]
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@ Process tensor exists for any bath

@ Explicit expression for PT exists
» Sum over environment state space
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Automatic compression of environments

@ Process tensor exists for any bath
@ Explicit expression for PT exists

» Sum over environment state space
» Compress to d; via SVD
» Can build Q[K] mode-by-mode

[Cygorek et al. Nat. Phys. '22]
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Automatic compression of environments

@ Process tensor exists for any bath
@ Explicit expression for PT exists
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» Compress to d; via SVD
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Automatic compression of environments

@ Process tensor exists for any bath
@ Explicit expression for PT exists

» Sum over environment state space
» Compress to d; via SVD
» Can build Q[K] mode-by-mode

[Cygorek et al. Nat. Phys. '22]
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Automatic compression of environments

@ Process tensor exists for any bath
@ Explicit expression for PT exists
» Sum over environment state space
» Compress to d; via SVD
» Can build Q[K] mode-by-mode
@ Applications: Mode # crossover,
multiple baths, non-Gaussian baths

A

ty

[Cygorek et al. Nat. Phys. '22]

ts

e.g. Spin bath:
N=10: e=10""" x e=10""% o ¢=10"10 &
N=100: e=10""" « €=10""% o ¢=10"10 &
| 0.5 F 1. ' '
to - ,§¢¢§§¢ " e, e __..__a“ -
S0 fgf'-o»h s e e *o 0l
0 L $§$ s 0age 248 |
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e Applications
@ Optimisation
@ Lattice models
@ Polariton condensation
@ Two-dimensional spectroscopy

Jonathan Keeling Modelling realistic OQS with process tensors Lisbon, April 2026 19



Using PT-MPO: Optimisation of pulse sequence

SOOI %
HIHIA
‘
phonon
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Using PT-MPO: Optimisation of pulse sequence

central phase shift ®

-20 0
detuning A/ps™t

@ 200s pre-compute, ~ 2 s contract x 16000 points [Fux, Butler et al. PRL *21]
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Using PT-MPO: Optimisation of pulse sequence
e

grating

laser

7

‘\QDol

central phase shift ®

0
phonon

environment detuning A/ps ™!

@ 200s pre-compute, ~ 2 s contract x 16000 points [Fux, Butler et al. PRL *21]

@ Even faster: derivative w.r.t Hamiltonian via back-propagation
Forward propagation Back propagation

A

Desired state

[Butler, Fux et al. PRL '24]
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TEMPO and Lattice problems

@ One site: PT-MPO

[Fux, Kilda et al. PRR '23]
See also [Bose & Walters, J. Chem. Phys. '22]
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TEMPO and Lattice problems

@ One site: PT-MPO
@ Chain of coupled sites

[Fux, Kilda et al. PRR '23]
See also [Bose & Walters, J. Chem. Phys. '22]
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TEMPO and Lattice problems

@ One site: PT-MPO

@ Chain of coupled sites
H= Z H1§i+1 + HiSB
i

[Fux, Kilda et al. PRR '23]
See also [Bose & Walters, J. Chem. Phys. '22]
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TEMPO and Lattice problems

@ One site: PT-MPO

@ Chain of coupled sites
H= Z H1§i+1 + HI'SB
i

@ e.g., thermalisation of 1D chain

0.8

0.6

204
=
02

0.0
3.0

2.0

S(w)
|

®

3
®

1
?
®
[

1.0

0.0

o0 1o 20 30 a0 [Fux, Kilda et al. PRR '23]
See also [Bose & Walters, J. Chem. Phys. '22]
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TEMPO and Lattice problems

@ One site: PT-MPO

@ Chain of coupled sites
H= Z H1§i+1 + HiSB
i

@ e.g., thermalisation of 1D chain

0.8

0.6

204
=

0.2 PN

0.0
3.0

0 0 e [Fux, Kilda et al. PRR '23]
See also [Bose & Walters, J. Chem. Phys. '22]
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TEMPO and Lattice problems

@ One site: PT-MPO

@ Chain of coupled sites
H= Z H1§i+1 + HiSB
i

@ e.g., thermalisation of 1D chain

0.8 1.0
0.6 3 0.8
- & -=
204 = 051 e
> 3 -7
029 /=m0 xo02f et
0.0 : : - 0.0 4=
3.0
_20
3
2

[Fux, Kilda et al. PRR '23]
See also [Bose & Walters, J. Chem. Phys. '22]
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Mean-field TEMPO: Polariton condensation
@ Tavis-Cummings model + bath @ J(w), match BODIPY-Br

o J(w)

e © _
’ g ')
/ ,
g

o
i
€

Nm
H=wa'a+) [g(aa,fr +H.c.)+wooi o7
i

+ Z gi,k(bﬂk + b;[’k)J,-Z + wk,vbikbi,k]
k

[Fowler-Wright et al. PRL ’22] see also [Mu et al. PRL '26] beyond MF
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Mean-field TEMPO: Polariton condensation
@ Tavis-Cummings model + bath @ J(w), match BODIPY-Br

o J(w)

e .

' Q /\'\':'_:‘: S2
= T

@ Process tensor — fast evaluation

H; = g({a)of + H.c.) + woafaf
+ Z fi,k(b/,k + b,‘T’k)UiZ + Wk,vb;kbi,k
k

@ Large Ny, mean-field decoupling

[Fowler-Wright et al. PRL ’22] see also [Mu et al. PRL '26] beyond MF
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Mean-field TEMPO: Polariton condensation

@ Tavis-Cummings model + bath @ J(w), match BODIPY-Br

e 2

J(w)

MIET

@ Process tensor — fast evaluation

H; = g((a)of + H.c.) + woo; o

z 1'- 08 \/
+ Zgi,k(b/,k + b;[,k)ai + wk,vbj 4 b BV )
k £ ==

@ Large Ny, mean-field decoupling

@ Phase diagram vs we, g, Tpath

=120 -100 —80 —60 74‘”77\2;“*\,‘)) 20 40 60 80
[Fowler-Wright et al. PRL ’22] see also [Mu et al. PRL '26] beyond MF

—T20-100 R0 00 —0 0 0 D 4 60 80
= (V)

Lisbon, April 2026
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Multi-time correlations — 2D spectroscopy

Process tensor:

[De Wit et al. PRR "25]
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Multi-time correlations — 2D spectroscopy

Process tensor: — natural tool for multi-time correlations

V(t,)

V(t)

[De Wit et al. PRR "25]
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Multi-time correlations — 2D spectroscopy

Process tensor: — natural tool for multi-time correlations

@ 2D spectroscopy.

Detector
Sample
V(t)
A A oo
t1 t2 ts time

[De Wit et al. PRR "25]
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Multi-time correlations — 2D spectroscopy

Process tensor: — natural tool for multi-time correlations

@ 2D spectroscopy.

V(t)
JAN A Sional
t; t; ts time

[De Wit et al. PRR "25]

Jonathan Keeling

@ 2D Spectra:
Fourier transform w.r.t & —

20+

iy
o
1

Wexc (ps?)

o
1

[aey
1 O
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6 Future outlook
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Outlook—future directions

@ Complex systems: organic molecules, biological chromophores
Large Hilbert space, see [Cochin et al. 2603.06840]

See [Keeling, Stoudenmire, Banuls, Reichman: 2509.07661]
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Outlook—future directions
@ Complex systems: organic molecules, biological chromophores
Large Hilbert space, see [Cochin et al. 2603.06840]

@ Many-body problems
» Combine many body OQS & non-Markovian

* Effects on phase transitions
* Approaches: mean-field, lattice models, large Hilbert space

See [Keeling, Stoudenmire, Banuls, Reichman: 2509.07661]
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Outlook—future directions

@ Complex systems: organic molecules, biological chromophores
Large Hilbert space, see [Cochin et al. 2603.06840]

@ Many-body problems
» Combine many body OQS & non-Markovian

* Effects on phase transitions
* Approaches: mean-field, lattice models, large Hilbert space

» Quantum matter & impurity problems

* Combining environments, electrons + phonons
* Mobile impurities, large state space

» Local probes, transport

@ Process tensor representations beyond MPO
» Tree tensor network, e.g.[Dowling et al. PRX '24]

See [Keeling, Stoudenmire, Banuls, Reichman: 2509.07661]
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Summary
@ TEMPO Algorithm for general non-Markovian problems

[Strathearn, Kirton, Kilda, Keeling & Lovett, Nat. Comm. ’18]
@ Reformulation as process tensor, Automatic Compression of Environments
3 % ¢.~“~"~U~“"~4.ﬂ

B ;&’““V’Wn.

[Fux et al. PRL '21] [Cygorek et al. Nat. Phys. ’22]
@ Can combine with Lattices, Mean-Field theory, 2D spectroscopy

e

[Fux, Kilda et al. PRR '23] [Fowler-Wright et al. PRL '22] [de Wit et al. PRR '25]

@ Perspective: [Keeling et al. arXiv:2509.07661]

@ Open source code available:
https://github.com/tempoCollaboration/OQuPy [Fux etal JCP '24]
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https://github.com/tempoCollaboration/OQuPy

e Application: Spin-Boson problem
@ Tensor networks & Matrix product states
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spin Boson model

@ Archetypal non-Markovian model:

H=QS+ > S.(ga+ga)+wiala
i
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spin Boson model

@ Archetypal non-Markovian model:

H=QS+ > S.(ga+ga)+wiala
i
@ Ohmic Bath density of states:

J(w) = Z 191126 (w — w;) = 20w exp(—w/we)
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spin Boson model

@ Archetypal non-Markovian model:

H=QS+> S.(ga+ga)+uwiala
i
@ Ohmic Bath density of states:

J(w) = Z 191126 (w — w;) = 20w exp(—w/we)

@ Known behaviour, initially excited [Leggett et al. RMP '87] for w¢ > Q:
0 < a < 1/2 Decaying oscillations, (S,) ~ e«“=7!
1/2 < a < 1 Overdamped decay, (S;) ~ e
1 < « Localization, (S;) finite at t — oo.
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spin Boson model

@ Archetypal non-Markovian model:

H=QS+> S.(ga+ga)+uwiala
i
@ Ohmic Bath density of states:

J(w) = Z 191126 (w — w;) = 20w exp(—w/we)

@ Known behaviour, initially excited [Leggett et al. RMP '87] for w¢ > Q:
0 < a < 1/2 Decaying oscillations, (S,) ~ e«“=7!
1/2 < a < 1 Overdamped decay, (S;) ~ e
1 < « Localization, (S;) finite at t — oo.

@ Challenge for QUAPI — finite K = 7./A — non-zero ~ for Vo
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TEMPO spin Boson results
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TEMPO spin Boson results
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TEMPO spin Boson results
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Penrose tensor network notation & contraction

k
vector Uk
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Penrose tensor network notation & contraction

k
vector Uk

. ; J
matrix Aij -
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Penrose tensor network notation & contraction

k
vector Vg
. ; j
matrix Aij -
l
4-rank tensor Tt mn,p T =
n, p
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. ; j
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Penrose tensor network notation & contraction

k
vector Vg
. ; j
matrix Aij -
l
4-rank tensor Tt mn,p T =
n, p

Ai .j Vk
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Penrose tensor network notation & contraction

k
vector Vg
. ; j
matrix Aij -
l
4-rank tensor Tt mn,p T =
n, p

@DC
> Aik v
k
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Penrose tensor network notation & contraction

k
vector Vg
matrix Aij - -
l
4-rank tensor Tt mn,p T
n, \\P

—‘ A v = w
> Ak v = w;
K
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Penrose tensor network notation & contraction

k
vector Vg
matrix Aij - -
l
4-rank tensor Tt mn,p T
n, \\P
1 1
A = w
v
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Penrose tensor network notation & contraction

k
vector Vg
matrix Aij - -
l
4-rank tensor Tt mn,p T
n, \\P
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Penrose tensor network notation & contraction

k
vector Uk
. : j
matrix Ai -
l
4-rank tensor  Timnp T =
n, \\P

6

)~
-
Z Ruij Xigk Yk Dim Zm~

ijklm
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Penrose tensor network notation & contraction

k
vector Vg
matrix Aij - -
l
4-rank tensor Tt mn,p TH=
n, \\P

B B
é k Y l @ m 2 = Y
-y

Z Raij Xin Y‘ijl Dlm me = Taﬁ'y

ijklm
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Singular value decomposition & compression

-
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Singular value decomposition & compression

—Mp = U @ v
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Singular value decomposition & compression
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Singular value decomposition & compression

Q

)} 0 S i

Q

>
e

>~
Do
~—
A~
~—

Jonathan Keeling Modelling realistic OQS with process tensors Lisbon, April 2026 32



Singular value decomposition & compression

Q

— M} Us vt

Q
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Singular value decomposition & compression

— M} Us Vi

Q

Q

@ Fixed bond dimension: Keep Ay ...\,
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Singular value decomposition & compression

— M} Us Vi

Q

Q

@ Fixed bond dimension: Keep Ay ...\,
@ Fixed precision: Keep \p > €rel\
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Matrix product states
Y= > Cipiy it iN) e.g. Cor101 = (01101[y)

it,hp,...in€{0,1}

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)



Matrix product states
[Y) = Z Ciyin,.iy |t i25 .y iN) eg. G101 = (01101)y)

it 7i27"~iN€{0’1}

’i1| i2| i3 Z'4| ’i5|

C

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)



Matrix product states
[Y) = Z Cii gy 11151255 IN) eg. G101 = (01101)y)

it 7i27"~iN€{0’1}

11| d2| i3] ia) is e B
=
M

C

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)



Matrix product states
[Y) = Z Ciyin,.iy |t i25 .y iN) eg. G101 = (01101)y)

it 7i27"~iN€{0’1}

i1 d2f i3] i4af s @ B
=

C Uy vt

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)



Matrix product states
[Y) = Z Cii gy 11151255 IN) eg. G101 = (01101)y)

it 7i27"~iN€{0’1}

| i2| ds| ia] is | d2| i da] is
=
)

C AL A®R)

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)



Matrix product states
[Y) = Z Ciyip,.oiy 1115 125 -y IN) eg. G101 = (01101)y)

it 7i27"~iN€{071}

1| 2] 3] 4] s 1| 2 3| 4] 75 i1 72 13 14 5
—N —N
)

C AL AR) Ayt A et At Ay =t As

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)
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Matrix product states
[Y) = Z Ciyip,.oiy 1115 125 -y IN) eg. G101 = (01101)y)

it 7i27"~iN€{071}

ir| iz| is| ia| is ir| d2|  ds| dal is | i ds|  da| s
= =
C A(L) A(R) A1 A2 A3 A4 A5
Full state: 2V numbers MPS, 2Nx? numbers

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)
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Matrix product states
[Y) = Z Ciyip,.oiy 1115 125 -y IN) eg. G101 = (01101)y)

it 7i27"~iN€{071}

ir| iz| is| ia| is ir| d2|  ds| dal is | i ds|  da| s
= =
C A(L) A(R) Al A2 A3 A4 A5
Full state: 2V numbers MPS, 2Nx? numbers

Applies to: Wavefunctions, density matrices, probabilities . . ..
Also known as “tensor trains”

Reviews: Schollwdck, Ann. Phys. (N.Y.) 326, 96 (2011). Orus, ibid. 349, 117 (2014)
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From Hilbert space to Liouville space

Uly)
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From Hilbert space to Liouville space

Uy (y|U*

) S

=
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From Hilbert space to Liouville space

Uy (y|U* UpU*

=
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From Hilbert space to Liouville space

=
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From Hilbert space to Liouville space

-

= 0/
‘ ‘ P

g
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From Hilbert space to Liouville space

Hilbert space

Uy (y|U*

UpU'

G

Op0t X Kkl
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From Hilbert space to Liouville space

Hilbert space

Liouville space

Ulp) (Ut UpU? UpUt Yo KapK

H
2 (.,
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From Hilbert space to Liouville space

Hilbert space

Liouville space

tr (U|¢><¢|UT) tr (Upfﬂ) tr (UpUT> tr (Za f(apf(l)

ol
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