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Definition of quantum graph states

Entanglement in multi-qubit quantum states

Quantum states representing weighted and directed graphs
Relationship between geometrical properties of quantum
states and structural properties of weighted graphs

Study of properties of bi- and tripartite graphs using
quantum programming



A graph is a structure consisting of vertices and edges.

Quantum graph state

Ye) = H Uij

(i,7)€E

Lzmt

Uij — two-qubit operatot,
Uinit) — initial state.

Quantum graph state — quantum state that can be represented with a graph
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Quantum graph states corresponding to weighted and
directed graphs
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Quantum graph states

In the literature, considerable attention has been devoted to the study of quantum graph states.

we) = [ CZi(4)1+)®". [G. ]. Mooney, Ch. D. Hill, L. C. L. Hollenberg, Sci. Rep. 9, 13465 (2019).]
(i,j)€EE

In paper [Kh. P. Gnatenko, N. A. Susulovska EPL 136(4), 40003 (2021)] entanglement of multiqubit states
has been examined

Wa(d,a0,0)) = [] CPy(9) (e, 0)®"

(i,7)€EE
[9¥(a, 0)) = cos g 0) + e qmg 1),
4 I
L , ¢ ‘ .
E, = = 5\/sin2 0 (C082 5 + sin? %coqQ 9) + cos? 6.
\ %

n; - degree of vertex 1 in a graph.


http://ktf.lnu.edu.ua/users/susulovska/index.html

Geometric measure of entanglement

Geometric measure of entanglement is defined as

E(] ¥)) = minyy,y (1 — [{¥]es)[*).

| ¢) is the entangled state, | ) is a set of non-entangled states
[A. Shimony, Ann. N.Y. Acad. Sci. 755, 675 (1995)].

E(9) =5 (1= [(o)]). (o) = /o)

|A. M. Frydryszak, M. I. Samar, V. M. Tkachuk, Eur. Phys. J. D 71, 233 (2017)]



Results of quantum calculations of the entanglement
(tbmg_athens)
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[Kh. P. Gnatenko, N. A. Susulovska EPL 136(4), 40003 (2021)]
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Entanglement of quantum states representing
weighted and directed graphs

Quantum graph states
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Entanglement of quantum graph states
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Entanglement of quantum states representing weighted and
directed graphs
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(a) (b)
Quantum-computed entanglement (cross markers) and analytical results (surface).
The 3D histograms show the difference between the quantum computation results and the
theoretical results.
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Kh. P. Gnatenko Phys. Lett. A. Vol. 521. Art. 129815. 5 p (2024)



Quantum computing of entanglement of quantum
states

* The entanglement of a single qubit (spin) with other qubits (spins) in evolving
quantum states of spin systems and in multi-qubit quantum graph states with
arbitrary structure has been determined.

* A relationship between entanglement and the node degree, as well as the weights of
edges incident to the corresponding node in the graph, has been established.

* 'The entanglement of quantum states has been computed using quantum computers

and quantum simulators developed by IBM.



Geometric characteristics of evolutionary
weighted graph states

Let us consider a system described by the Ising model with Hamiltonian
¥ — 1 2. 2
4]

where o7 is the Pauli matrix that corresponds to spin ¢. Constants J;; are
interaction couplings. The evolutionary state of the system

5(0) = exp (=55 ) o

can be considered as a quantum graph state

o) = [I RZZi(6y) o). ¢ = 2Jist/h.

(i,7)eE



Curvature and torsion

The curvature and torsion are related with the fluctuations of energy
v ((AH)Y) — ((AH)?)? (AR — ((AH)Y” ((AH)H*

7= =

R? (AH)?22 ((AH)?)? (AH)?)?

7 _ 965 +2(Tim” )2 — 4y n”

7 _ _ 968, +2(3, n)2 =4y, n” 28883
B (i)’ - (in(?)? (Sin{?)3

where nzm =D ij is the weighted degree of i-th node in graph G (V, E),
constructed raising to the fourth the weights of corresponding edges in G(V, F)
(the elements of adjancecy matrix of G (V, E) are J%).
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Studies of structural properties of weighted and directed graphs with
quantum programming

e —iHjt A
Hi=g Y doier, O = Gl (T2 o) =1 - 550

. ® (Quantum algorithms have been developed for
Results of quantum ' l | studying the structural properties of weighted
programming on | | 1091 IQ\O\A graphs. The algorithms are based on a
ibm sherbrooke // ‘\\, , discovered relationship between the geometric
// 87 N\ properties of quantum graph states and the

, \

[ 11::'0.7‘ \ structural properties of the corresponding
| \ graphs.

,/ 0.6 \ ® These algorithms open the possibility of

achieving quantum advantage 1n solving

0.51 problems related to determining the products

of the weights of edges that form closed cycles

of lengths 3 and 4 in graphs.

e

) E;Tt ) 'Tt ) Yrt 0 Tt n 3171:
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Results of quantum computing for [(U)|” for different®.  Gpatenko Kh. P, Eur. Phys | Plus Vol. 140, 241 (2025).




Quantum states representing bipartite graphs

A bipartite graph G(U,V,E) is a type of graph in @
which the set of vertices can be divided into two

separate and disjoint groups U and V, such that @
every edge connects a vertex from set U to a vertex

from set V.

I‘/)> == H CNOrEtw I"/Hnit) . CNOT,W — (ii%(l—(fﬁ)(l—(ﬁf)
(u,w)EE
A . 5
[Winie) = [ Wy, i) = ] ] ( —g [0+ sin—o 1),
ke A

Kh. P. Gnatenko, Phys. Lett. A 566, 131191 [7 p.] (2026)
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Entanglement distance

The entanglement distance of qubit 1l (spin 1) with other qubits in state |w> reads

EFP(lw))=1— > (¥lof|¥)”,

J=,Y,2

D. Cocchiarella et al Phys. Rev. A, vol. 101, Art. 042129, 2020.
A.Vesperini et al Front. Phys. vol. 19, Art. 51204, 2024.
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Results of analytical studies of the entanglement and quantum
programming

EEP(|19)) = 1 — cos? ¢V sin? V) — (sin? ¢{V) sin? 0(V) + cos? 0V (cos 9(V)) 2

EED(14)) = sin? ) (1 — (cos ¢(V) sin (V))2),

Kh. P. Gnatenko, Phys. Lett. A 566, 131191 [7 p]] (2026)
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Quantum correlators and number of vertices with odd and
even degrees

l'/jl H H TyOy |‘/)> = (( 08 d)(U) sin O(U)) Ul (( 0Ss d)(V) sin ()(V))|V"m’"|

uel veV
(W] H H 050, V) = (OSO(V))Wl(C()S O(U))IUoddl’
ucel veV
(] H o |¢v) = (cos O(V))M(u)s O(U))lUﬂ,en|
veV

Here the following notations are used:

Veven = {v € V | degs(v) =0 (mod 2)}.

Ueven ={u € U | degg(u) =0 (mod 2)}, Upga ={u €U |degp(u) =1 (mod 2)}.



Entanglement of quantum states corresponding
to tripartite graphs

W= I I 1] BXYur(duw)RY Zow(bvw)RX Zuw(buw) [tinit) ,

(u,w)EE (vyw)EE (u,w)eE

[inie) = [0 [ Yy |y |

¢kz - Pl Pkl Y >

RXYi(¢r) = €2 %%, RXZw(dr) = e "2 %k, RY Z(dr) = e 42 Ok,

Result for entanglement

Ef D (|¢p)) = sin? 6, — (sin2 iy, sin? 0, + cos> (}u) X

H H (cos2 Oup + sin? Ouv sin? qv, sin’ 91,.) (cos;2 Ouw + sin? Duw sin? H.w) ;
vENy (u) wENw (u)



Entanglement of quantum states corresponding
to tripartite graphs

| "/) ) — H H H RX Yu,v ((b'u,v ) RY Z'vw (d)v'w ) RX Z UW (d)uw ) | "/)init) s

(u,w)eE (vw)EE (uw)EE
[inie) = Vi) Wbimt) 15l
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Result for the entanglement EfD(| )) = sin® @ — (sm asin? 0 + cos’ 9)

2 )|f\'v('u)| s

X (cos & + sin? ¢ sin? arsin® @

9 NI, O Nw (u)|
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The entanglement depends on the degrees of vertice u with respect to sets V, W.



Relation of quantum correlators with structural properties

of tripartite graph

(Y| 00,00, [¥) =
= <u""l"llit| H H H H RX U1L1(2¢U1U1 )RXYu-t_lz(QQU?.U'Z) X
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Quantum graph state

W= TI TI Tl BRXYur(¢w)RY Zow(dvw)RX Zuw(Suw) [Winit)
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Relation of quantum correlators with structural properties of tripartite graph

z,(lll)u2 = (cos ¢ + i sin 0V sin aV) sin @) Vv (1) ANy (u2)] o
x (cos ¢ + i cos 0W) sin ¢)!Nw (u1) & Nw (u2)] o
x (cos(2¢) + i sin V) sin V) sin(2¢) )M (11NN (u2)

(COS(2¢) + 1 cos Q(W) Sin(2¢))|NW(u1)ﬂNw(uz)I

22 = (cos ¢ + isin BV sin alV) sin ¢) NV (w1)/Nv (u2)l

x (cos ¢ — i sin 0Y) sin oY) sin ¢)1Mv (42)/Nv (w)l

x (cos ¢ + i cos giW) oo ¢)|Nt-v(ul)/NW (u2)] (cos ¢ — i cos W) gin ¢)|NW'(U2)/N1V(U1)I.
Here |[Na(u1) A Na(uz2)| is the cardinality of the symmetric difference of the sets N4(u1),
Na(uz) which corresponds to the number of different (non-overlapping) neighbors of uq,
uz; and |Ny(uy) N Ny(uz)| is equal to the number of common neighbors of u;, uz in
A, (A denotes V,W in tripartite graph G(U,V,W, E)). It is important to note that
the value |Nj(u1) N Na(ug)| determines the number of 4-cycles involving the vertices

uy, uz, and vertices from the set A in the tripartite graph. Namely the number reads

(A) _ 2
7?,4 — C'NA(Ul)nN.-\(uQ)l'



Importance of research on quantum states representing
complex structures

® preparation of entangled quantum states;

® quantum error correction algorithms;

® study of properties of complex systems with quantum
programming;

® quantum machine learning.
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Quantum machine learning.
Variational quantum states

Kh. Gnatenko

IEEE International Conference on Quantum
Computing and Engineering (QCE), Albuquerque,
NM, USA, 2025, 470-471 (2025)

Entanglement of VQS
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Thank you for your attention!



