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» classical

p— Sit)p; S(t)=e™ = classical channel

S(t1)S(ta) = S(t1+t2) ; classical channel = stochastic matrix

» quantum
p=2Lp

p— At)p: A(t) = e* = quantum channel

A(t1)A(t2) = A(t1 +t2) ; quantum channel = CPTP map



Markov generators

» classical (Kolmogorov conditions)

Ki; >0 (i ZKM—O

Kij — Rij 6@] 7 R ZRkj ) 7,] >0
» quantum: Gorini-Kossakowski-Lindblad-Sudarshan (1976)

L(p) = —ilH,p|+ Lp(p)

1
Lp(p) =) (Vk:PV/j - §{VJV/<,P}> >0
k






Why CP?

» positive: X >0 = ¢(X) >0
» k-positive: 7, @ @ is positive (C* @ H)
» completely positive: k-positive for k =1,2, ...

O ® Dy 777
Positive ® Positive need not be positive

CP ® CP always CP



Classical vs quantum

Fix {|1),...,|d)} (orthonormal basis)

Kij := G L(]7) (1) [7)

defines a classical generator. Similarly, if ® is a quantum channel

Sij = (1| ©(]7)(71) [4)

defines a stochastic matrix.



Perron-Frobenius: classical and quantum channels
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Spectra of generators

Classical Generator (N = 10)

ReA <0

Quantum Generator (N? = 100)

0.6 1 ® & 0.8 - v

| s
0.6 -
0.4 - ] !
1 i
] 0.4 i
02 ¢ o ' ) |
g ' | & o2 '.-'t;--g. !
g ! g o 00 0%.0% 1
2 1 B @ ™ ® ... ALY b 1
E 004@& @ e ‘.—' g 00 +—% ‘—.z' :TO-;._ ._

i 1 [ L] . [ ] @ I
i i e gy { @ [ 3 ] ° 1
= ] o _02 4 [ ] L X ] o 1
E o2 } | & ° % '.'.E'.' Mo |
[ ] . 1 L ]

! 0.4 1 i

] 1

-0.4 1 1

| e |

I 1

-0.6 @ ? -0.8 +

4 5 4 3 2 A 0 12 -0 -08 06 -04 -02 0.0

Re(A) - Decay Rate

Re(A) - Decay Rate



Gershgorin vs. Brauer

Let T}, be a stochastic matrix such that a; is the smallest and as
the second smallest diagonal entries.

» all eigenvalues belong to the Perron-Frobenius disc |z] <1

» all eigenvalues belong to the largest Gershgorin disc

|Z—(I1|§1—CL1

» all eigenvalues of T" belong to the Cassini oval

[z —ai]- [z —az] < (1 —a1)-(1—ap)

S. Gerschgorin, Isv. Akad. Nauk USSR Ser. Mat. 7, 749 (1931)
A. Brauer, Duke Math. J. 14, 21 (1947)
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Cassini vs Gershgorin
smallest diagonals a=0.72, b=0.90

o(T)={1,a,b,c}
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Detailed balance

» (Classical: Kt =0

Kijmi = Kym; ;  (real spectruml!)

» quantum: L(w) =0
> [Ha w] =0
> (A, B), = Tr(wA'B)

LY = Heisenberg picture

(L5H(A), B)w = (A, L5(B))w

LE is Hermitian and hence it has a real spectrum! l



Classical generator

Let 1 := max; |Km|
» eigenvalues of %K belong to a disc D(—1,1)

> iK + I = stochastic matrix — Cassini oval

» thermodynamical constraint: Let K7t = 0

Kf,;jﬂ'j
I
Kjim;

Fij =In B := tgh(max £;;/2)
i]

all eigenvalue of %K belong to the ellipse

(z+1)°+ (y/B)* <1

Xu et al, Phys. Rev. Lett. 135, 257102 (2025)
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Quantum generator

K <05 p = max|Kyl
1

All eigenvalues of %K belong to the unit disc D(—1,1)

o= max(] Lo() (D 1) 5 [[vl] =1

All eigenvalues of + L belong to the unit disc D(—1,1)

DC, S. Denisov. W. Tarnowski, K. Zyczkowski, J. Phys. A (2026)



Bound on relaxation rates

ReAr, <0 — TI'p:=—Rels

Di=T1+...4+ Doy

» universal
> tight
» purely quantum

» only 2-positivity is essential!

DC, F. vom Ende, G. Kimura. P. Muratore-Ginanneschi (2025)



What are spectral properties of typical (= random)
classical and quantum dissipative generators?



Random quantum channel

d: My > My

» completely positive

» trace-preserving

O(X) =) K. XK]
Y KlK,=1

N

¢ —» C= _Z i) (j| @ @(|i)(j]) > 0



¢ — C= ZI Jl e ®(li){jl)

C>0 ; TreC=1

Ge My ; G =TrGG!

C=(G;"*21GGN(G;"* 1)

random & <+— random G l



G € N? x N? complex Ginibre ensemble
Gi;i iid. N(0,1) — GG - Wishart matrix

N — oo circular Girko law

» spectral density ® is uniform on the » = &+ disk

1
N
» spectral density T is uniform on the r = \/Lﬁ disk
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How to explain the spectrum by Random Matrix Theory?



Random matrices ...

vvvyvvVvvyyy

Wigner's approach to nuclear physics
Dyson'’s statistical theory of spectra
classical and quantum chaos

2D quantum gravity

large N limit of gauge theory
communication systems

finances



RMT

Hermitian case — Dyson threefold way

» 5 =1 — Gaussian Orthogonal Ensemble (GOE)
» [ =2 — Gaussian Unitary Ensemble (GUE)
» [ =4 — Gaussian Symplectic Ensemble (GSE)

Non-Hermitianian matrices

O £ P



Bloch vector representation of any state p

1 N2-1
0= N]H_ Z Lo O
a=1

where o, are generators of SU(N) such that tr (c,08) = 04

RNQ—l

Generalized Bloch vector x = [x1,...,252_1] €

Quantum channel ® in the Bloch representation
pf=d(p) — x' =Tx-+r,

that is,

® is represented by N? x N? real matrix ( i } ,(])_1 )

spec(®) = spec(T) U {1}




Random Matrix Model for T

T € real Ginibre ensemble Gp2_1 ;

1
Girko circular law ~ —
ir ircular law N

pf=d(p) — x' =Tx-+r,

Complete positivity is not essentiall



Lindbladian

L(p) = —ilH, p]+ Lp(p)
N2—-1 1
Lp(p) =) K (kaFJ - §{FgTFk,P}>
k=1

Kossakowski matrix: [K¢| >0, Tr(FkFg) = Oy

Diagonal form

1
B T
Lp(p) = % Yo (VapVa 2{VaVa,p}>



Random generators

N2-1

: 1
L(p) = —i[H,p]+ » K <FkPFzT - §{FZTF/¢,,0}>
k=1

Random H ; Random Kj;
H € GUE ; K € random Wishart

K =G'G; G € complex Ginibre



Strong dissipation (H = 0)

N2-1

1
L(p) = k;1 K (kaFzT - §{F}TFk,P}>

(TrK) = N ; N(L£+ 1) |

Im({)

Re(¢')

S. Denisov, T. Lapteva, W. Tarnowski, DC, K. Zyczkowski, Phys.Rev.Lett. (2019)



Spectra of a random map ® and generator L

a) spectrum of a random map @ consist of the F-P leading
eigenvalue, \g = 1 and a disk of eigenvalues of radius R ~ 1/N

Im(¢)

Re(?)

map P Lindblad generator £

b) spectrum of a random Lindblad generator consists in \g = 0
and a lemon of eigenvalues

spectral gap ~ 1 — %

S. Denysov, T. Lapteva, W. Tarnowski, DC, K. Zyczkowski, Phys.Rev.Lett. (2019)



Random Matrix Model

vectorization: L — L

AN

L= —

(B 1+ 1® B)




Random Matrix Model

It ® is trace preserving, then B = 1 and hence L=0-1x®1 In
the general case the dual map ®' is not unital, so

B:=0I(1)=1+X

where a Hermitian matrix X = XT # 0.

AN AN

1 _
[=2-101- (Xo©l+10X)




Random Matrix Model

AN AN

1 _
L=0-101-(X®1+18X)

L = L=NCL+1x1)

~ 1
,CRMT:GR—]]®]1—§(C®]1—I—]1®C)

Gr € real Ginibre ; C € GOE




C®1+1®C (convolution)

1
GOE — p(x) = 5 V 1—2?; |z| <1 (Wigner semicircle)
T

eigenvalues of 1QH+H®1

o5t AT
Y\

0.3} si

0.2} ]
0.1¢ 1
0.0 .




Gr—(C1+1xC)

G g from real Ginibre and (C ® 14 1 ® C') with C from GOE are

asymptotically free.
Free convolution of Girco disc with classical convolution of two

Wigner semicircles gives

P(0, Im(#")) Re(¢)

density =7 ; boundary =7



Boundary from RMM

The boundary of the spectrum of L'gyr is given by the solution of
equation for complex z

Im|z + G(2)] =0, with

G(z) = 22 — g—; [(4 + 2 (%) L (4— 2K (%)] |

E(k) and K (k) are complete elliptic integrals of the first and
second kind.



Density from RMM

a) sampling b) sampling c) RM-model
04 (without real eigenvalues) 0.4
0.3
0.2
0.1

z=x+iy; plz,y) = px)

W. Tarnowski, |. Yusipov, T. Lapteva, S. Denisov, DC, K. Zyczkowski, PRE 2021



Adding a Hamiltonian part

1 _
GR—§(W®]1—I-]I®W)

W=C+1w«aH ; CeGOE; He GUE
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Single jump operator

-3

No spectral gap!

T. Can, J. Phys. A (2019)



Many body interaction

1
Lp(p) =) Ky (Lz‘PL; - §{L;Lz‘, /0}>
]

¢ qubits
Li X0y R0z, Q... 0y,
T € {0,1,2,3} ; (O'(): ]1)

k—body interaction = at most k& nonzero x;
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Classical Kolmogorov generator

Kij = Rij — 57;j Rj , Rj — ZRkj
k
Rij Z 0

Rij = |z/°

z;; are i.i.d. Gaussian complex variables



Classical Kolmogorov generator

RMM: Gr+D — N32(\+1)
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C. Timm, PRE 2009; S. Lange and C. Timm, Chaos 2021 _
W. Tarnowski, |. Yusipov, T. Lapteva, S. Denisov, DC, K. Zyczkowski, PRE 2021



Integrable vs. chaotic

» Classical chaos: tiny differences in initial conditions grow
exponentially (positive Lyapunov exponent),

» Quantum chaos: classical limit is chaotic; revealed not by
trajectory sensitivity but by signatures like random-matrix
spectral statistics or eigen-state delocalization.

» Dissipative quantum chaos (chaotic behavior in open
quantum systems): quantum-map/quantum Liouvillian spectral
statistics



Quantum chaos — Hermitian case

Nearest-neighbor spacing P(s)

» Poisson (integrable, many-body localized)

P(s) ~ e ® (no level repulsion)
» Wigner-Dyson (quantum chaotic):

P(s) ~ sBe—cs’ (level repulsion)



Dissipative quantum chaos — non-Hermitian case

Complex Spacing Ratio

_ AN
ANNN

2k -

S4, Ribeiro, Prosen, PRX 2020

randam Kolmogaroy opafato Lifdblad: --> Kolmogoral

=[5 i 1.5 - 0.0 B -1 -5 fl G 1-=]1 B s {l 0.5 |

Re(z) Re(z) Re(z)

W. Tarnowski, |. Yusipov, T. Lapteva, S. Denisov, DC, K. Zyczkowski, PRE 2021



Detailed balance

» Classical: Kp =0

Kijpj = Kjipi
» quantum: L(w) =0
> (A, B), = Tr(wA'B)

LY = Heisenberg picture

(L5H(A), B)w = (A, L5(B))w

LE is Hermitian and hence it has a real spectrum! '



Detailed balance

Lindblad operator ' Kolmoﬁamv operator




Detailed balance

» ‘Lemon RMM’

1
Gr—5(GOE® 1+ 1@ GOE)

» detailed balance RMM (maximally mixed state)

1
GOE; — —(GOE2 QI+ 11X GOEQ)
2

0.4¢

— Random Matrix model, Eq. (53)
1 Lindbladian (detailed balance wrt to G)

0.3~

o,
-

= 0.2f

0.1~




K =-1+4 N"*2(Gg + Gauss)

superdecoherence

Lr~—1+&|[Gr+

+3(GOE® [l + 1® GOE)]

s o with M "~
2 degenerated eigenvalues W

Za —1 + YN MIr oL oL, ® Lo L,
L5 s ﬁGauss

Z; ~ @ }(Gauss + GOE)
3~ GCOE® 1+ 1® GOE

Zy ~ GOE + Gauss

W. Tarnowski, DC, S. Denisov, K. Zyczkowski, OSID (2023)



Concluding remarks

» Spectra of random quantum operation consist of the leading

eigenvalue A\g = 1 and the bulk of eigenvalues covering the
Girko disk of radius r = 1/N, described by real Ginibre
ensemble

» Spectra of random Lindblad generators consist of the leading
eigenvalue /o = 0 and the bulk of eigenvalues covering the
lemon shape with the spectral gap ~ 1 —2/N

» Lemon-like boundary of the bulk was derived using free
probability theory. The bulk can be described by free
convolution of real Ginibre ensemble with the Hermitian
correction term GOE ® 1+ 1 ® GOE.

» Universal features of Complex Spacing Ratio typical for GinUE
(both classical and quantum)

» Variety of RMMs for detailed balance Liouvillians



Outlook

» no symmetries, full rank — lemon
» additional symmetry

» gradual superdecoherence from quantum to classical
> ..



